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Abstract Mutually unbiased bases which is also maximally entangled bases is called
mutually unbiased maximally entangled bases (MUMEBs). We study the construction
of MUMEBs in bipartite system. In detail, we construct 2(pa − 1) MUMEBs in Cd ⊗Cd
by properties of Gauss sums for arbitrary odd d. It improves the known lower bound
pa − 1 for odd d. Certainly, it also generalizes the lower bound 2(pa − 1) for d being
a single prime power. Furthermore, we construct MUMEBs in Cd ⊗ Ckd for general
k ≥ 2 and odd d. We get the similar lower bounds as k, b are both single prime powers.
Particularly, when k is a square number, by using mutually orthogonal Latin squares,
we can construct more MUMEBs in Cd ⊗ Ckd, and obtain greater lower bounds than
reducing the problem into prime power dimension in some cases.
Keywords: mutually unbiased bases, maximally entangled states, Pauli matrices, mutu-
ally orthogonal Latin squares
1 Introduction
Complementarity is the fundamental concept of quantum theory, which means that there
exist observables that cannot be measured simultaneously. This phenomenon is most strongly
manifested when observables are related to mutually unbiased bases(MUBs). Two bases are
said to be unbiased if all (normalized) eigenvectors of one observable have the same overlap
with all eigenvectors of the other observable. According, if a system is in an eigenstate
of a particular basis, then the measurement result in a corresponding MUBs is completely
uncertain. MUBs find many applications in quantum information task such as quantum
error correction codes [1], quantum state tomography [2, 3], quantum key distribution [4],
cryptographic protocols [4, 5], mean king problem [6], quantum teleportation and superdense
coding [7, 8, 9].
How many MUBs exist for any dimension Hilbert space is still an open problem. A recent
review can refer to [10]. In general, for d ≥ 2, it is proved that pa11 + 1 ≤ N(d) ≤ d + 1 for
d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass , where N(d) denotes the maximum number of MUBs in
the d-dimensional Hilbert space Cd. And N(d) = pa + 1 = d + 1 when d is a single prime
power [3]. That is, it is possible to find d+1 MUBs, which is called a complete set of MUBs.
There are many different methods to construct MUBs. By Weil sums over finite fields and
exponential sums over Galois rings, Klappenecker et al. [11] studied MUBs for odd prime
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power d = pa, p ≥ 3 and even prime power d = 2m respectively. Wocjan et al. [12] showed
that for d = s2 the number of N(d) is greater than s
1
14.8 for all s but finitely many exceptions
by orthogonal Latin square. Obviously this bound is better than the previous one in many
non-prime-power cases. But if d is a composite number, the value of N(d) is still unknown.
When the vector space is a bipartite system Cd ⊗ Cd′ of composite dimension dd′, there
are different kinds of bases in according to the entanglement of the basis vectors, such as
unextendible product basis[13], unextendible maximally entangled basis [14] and maximally
entangled basis[15]. A basis B of Cd ⊗ Cd′ is called a maximally entangled basis (MEB) if it
consists of dd′ maximally entangled states. Maximally entangled states is a very important
concept in quantum information science. It plays a vital role in quantum computing and
quantum communication tasks, such as measurement based quantum computing, quantum
key distribution, quantum teleportation etc. Certainly, entanglement is always present in a
complete set of MUBs [16]. So discussing mutually unbised bases which are also maximally
entangled basis become a new interesting topic recently. Let M(d, d′) be the maximal cardi-
nality of any set of MUMEBs in Cd⊗Cd′. Tao et al. proved thatM(2, 4) ≥ 5 andM(2, 6) ≥ 3
in [15]. Liu et al. constructed pa11 − 1 MUMEBs, i.e., M(d, d) ≥ pa11 − 1 for arbitrary d ≥ 2.
Here d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass , p1, p2, · · · , ps are distinct primes [17]. In [18], Xu
showed that if d is a single prime power, that is d = pa, then it is possible to find 2(pa − 1)
MUMEBs. Furthermore, Xu constructed MUMEBs in Cd⊗Ckd when k is also a single prime
power and obtained M(d, kd) ≥ min{k,M(d, d)}.
However, the problem to find the lower bound on M(d, kd) for more general d and k
remains unknown.
In this paper, we will focus on constructing new lower bounds ofM(d, kd) for more general
k and odd d in Cd⊗Ckd. We constructed 2(pa11 −1) MUMEBs in Cd⊗Cd by properties of Gauss
sums (reference to Proposition 3.2 and Proposition 3.3 ) for arbitrary odd d, when k = 1. It
improves the known lower bound pa11 −1 for odd d [18]. Certainly, it also generalizes the lower
bound 2(pa11 −1) from d being a single prime power into a generic odd d [17]. Furthermore, by
eliminating the restriction on d and k to be prime powers in [18], we constructed MUMEBs
in Cd ⊗ Ckd for general k ≥ 2 and odd d. We got the similar lower bounds as k, b are both
single prime powers in [18], that is M(d, kd) ≥ min{(p′1)a
′
1 + 1,M(d, d)}.
Especially, since Latin square is also a useful tool in characterizing MUBs problem (c.f.
[19]) in single system, we first consider whether mutually orthogonal Latin square (MOLS)(c.f.
[12]) is helpful to improve the value of M(d, kd) in bipartite system. By using results on
MOLSs in [12], we obtained some new results on the lower bound for M(d, kd) (reference
to Theorem 5.6 ). We found that M(d, kd) ≥ min{NMOLS(
√
k) + 2,M(d, d)} for k being a
square number, where NMOLS(x) denotes the maximum cardinality of any set of MOLS of
order x (see [12]). We also discuss the relation between the above two kinds of lower bounds.
If k = p2e11 is a square of a prime power, the first bound of M(d, kd) is better than the second
one. But if l ≥ 35, the second one is better. Anyway, assuming k is any square number, we
have M(d, kd) ≥ min{max{NMOLS(
√
k) + 2, (p′1)
a′
1 + 1},M(d, d)}.
In addition, all the bounds that we obtain in this paper still hold for general k and d = 2m.
The paper is organized as follows. In Section 2, we give some basic definitions and review
a basic criterion of MUMEBs in Cd ⊗ Ckd(d ≥ 2). Section 3 is devoted to the construction
of MUMEBs in Cd ⊗Cd (k = 1) for odd d and the lower bound for M(d, d) by using unitary
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matrices and properties of Guss sums. In Section 4, we consider the same problem in Cd⊗Ckd,
where k ≥ 2 and d is odd. Note that in [18], k and d are only restricted to prime powers.
In Section 5, when k is a square number, by using mutually orthogonal Latin squares, we
construct more MUMEBs in Cd ⊗ Ckd, and obtain greater lower bounds than reducing the
problem into prime power dimension in some cases. In Section 6, we give conclusions and
raise some future problems.
2 A basic criterion for MUMEBs in Cd ⊗ Ckd
We introduce the general construction and criterion for MUMEBs in Cd ⊗ Ckd [18]. Let R
be a commutative ring with 1 and R∗ be the group of invertible elements in R. Let Mn(C)
denote the ring of n × n matrices over complex number field C, and Un(C) be the group of
unitary matrices in Mn(C), where In is the unit matrix in Mn(C) and U † is the transpose
conjugation of U ∈Mn(C).
Definition 2.1. A pure state |Ψ〉 is said to be amaximally entangled state in Cd⊗Cd′ (d ≤ d′)
if and only if for an arbitrary given orthonormal complete basis {|φi〉}di=1 of subsystem A,
there exists an orthonormal basis {|ψj〉}d′j=1 of subsystem B such that
|Ψ〉 = 1√
d
d−1∑
i=0
|φi〉 ⊗ |ψi〉 .
Definition 2.2. Two orthogonal bases B1 = {|φi〉}di=1 and B2 = {|ψj〉}dj=1 of Cd are called
mutually unbiased if
|〈φi|ψj〉| = 1√
d
, (1 ≤ i, j ≤ d).
A set of orthonormal bases B1,B2, . . . ,Bm in Cd is said to be a set of MUBs if every pair of
Bi and Bj (1 ≤ i 6= j ≤ d) in the set is mutually unbiased.
Definition 2.3. An additive character of R is a homomorphism from the additive group R to
the multiplicative group C∗. A generic character of R is an additive character λ : R −→ C∗
such that
∑
r∈R λ(ar) = 0 for all a ∈ R \ { 0 }.
Assume that there exists a generic character λ of R. We also fix an orthonormal basis
{ | er〉 | r ∈ R }
of Cd indexed by R and an orthonormal basis
{ | e′r,j〉 | r ∈ R, j = 1, 2, . . . , k }
of Ckd indexed by R × { 1, 2, . . . , k }.
Given U in Ukd(C), we consider the following k maximally entangled states in Cd ⊗ Ckd
|ψjU 〉 =
1√
d
∑
r∈R
|er〉 ⊗ U |e′r,j〉 , j = 1, 2, . . . , k.
Define Pauli operators
Hξ,η =
∑
r∈R
λ(rξ) |er+η〉 〈er| , ξ, η ∈ R
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Applying Hξ,η ⊗ Ikd on |ψjU 〉, then we obtain the following kd2 maximally entangled states
(Hξ,η ⊗ Ikd) |ψjU 〉 =
1√
d
∑
r∈R
λ(rξ) |er+η〉 ⊗ U |e′r,j〉 ,
ξ, η ∈ R, j = 1, 2, . . . , k.
Set
ΨU = { (Hξ,η ⊗ Ikd) | ψjU 〉 | ξ, η ∈ R, j = 1, . . . , k } .
Then we have the following basic criterion for these maximally entangled bases being mutually
unbiased.
Proposition 2.4 (See [18]). Let notations be as before. We have the following results.
(1) For any U in Ukd(C), ΨU is an orthonormal maximally entangled basis (MEB) in Cd⊗Ckd.
(2) For U and V in Ukd(C), ΨU and ΨV in Cd ⊗ Ckd are mutually unbiased if and only if∣∣∣∣∣
∑
r∈R
λ(rξ)w(r,j),(r+η,l)
∣∣∣∣∣ = 1√k , for all ξ, η ∈ R and j, l = 1, . . . , k, (2.1)
where U †V = (w(r,j),(s,l)), (r, j), (s, l) ∈ R × { 1, . . . , k }. In particular, if k = 1, then ΨU
and ΨV in C
d ⊗ Cd are mutually unbiased if and only if∣∣∣∣∣
∑
r∈R
λ(rξ)wr,r+η
∣∣∣∣∣ = 1, for all ξ, η ∈ R. (2.2)
3 Construction of MUMEBs in Cd ⊗ Cd
In this section, we restrict ourself to the case Cd ⊗ Cd, i.e., k = 1. By Proposition 2.4, we
see that ΨU and ΨV in C
d ⊗ Cd are mutually unbiased, provided that U and V in Md(C)
satisfy (2.2). Thus we need only to construct a set of matrices in Ud(C), such that they
satisfy (2.2) in pair. Suppose we have the decomposition d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass ,
where pt, t = 1, 2, . . . , s are distinct primes. As mentioned in the introduction, Liu et al. [17]
constructed a set of permutation matrices {U }, having size pa11 − 1, and thus showed that
M(d, d) ≥ pa11 − 1. Note here pa11 is actually the minimal prime power dividing d.
After that, Xu [18] restricted d = pa to be a single prime power and constructed another
set of unitary matrices {V } from {U }, reaching a better lower boundM(d, d) =M(pa, pa) ≥
2(pa − 1).
What’s the result for general d? By introducing quadratic Gauss sums, we prove that
M(d, d) ≥ 2(pa11 − 1) for any odd d = pa11 . . . pass , with pa11 ≤ · · · ≤ pass .
Our construction process is similar to Xu’s [17]. Let us first recall the construction in [17].
For each a ∈ R∗, define U(a) by
U(a) = (u(a))r,s∈R, u(a)r,s = δar,s for all r, s ∈ R.
For each r ∈ R, U(a) |er〉 =
∑
l∈R u(a)lr |el〉 = |ea−1r〉, which shows that U(a) is a permuta-
tion matrix. Actually, U induces a monomorphism
U : R∗ −→ Ud(C).
In particular, for all a, b ∈ R∗ we have
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(1) U(a) = Id if and only if a = 1,
(2) U(a)U(b) = U(ab),
(3) U(a)† = U(a−1) = U(a)−1.
Next we describe the further construction in [18]. Define W ∈ Ud(C) as follows:
Wr,s =
1√
d
λ(rs) for all r, s ∈ R,
Then for each a ∈ R, set V (a) = U(a)W ∈ Ud(C).
Lemma 3.1. [18] We have the following statements:
(1) For any a, b ∈ R∗, ΨU(a) and ΨU(b) are mutually unbiased, provided that a− b ∈ R∗.
(2) For any a, b ∈ R∗, ΨV (a) and ΨV (b) are mutually unbiased, provided that a− b ∈ R∗.
(3) For any a ∈ R∗, ΨId and ΨV (a) are mutually unbiased, provided that
2 ∈ R∗ and λ satisfies
∣∣∣∣∣
∑
r∈R
λ(cr2)
∣∣∣∣∣ =
√
d for any c ∈ R∗. (3.1)
(4) For any a, b ∈ R∗, ΨU(a) and ΨV (b) are mutually unbiased, provided λ satisfies (3.1).
Proof. The basic idea is to use Proposition 2.4. The proof of (1) is originally given by [17,
Lemma 3.1]. For (2), note that b−1a − 1 = b−1(a − b) ∈ R∗. The following argument is the
same as in [18, Corollary 3.2]. As for (3), we only have the following equation by the proof of
[18, Lemma 3.3],
√
d
∣∣∣∣∣
∑
r∈R
λ(rx)(V (a)r,r+y)
∣∣∣∣∣ =
∣∣∣∣∣
∑
r∈R
λ(ar2 + (ay + x)r)
∣∣∣∣∣ .
Now, we give a supplementary proof, i.e.,
∣∣∑
r∈R λ(ar
2 + (ay + x)r)
∣∣ = √d. Noting the
assumption (3.1), we have∣∣∣∣∣
∑
r∈R
λ(ar2 + (ay + x)r)
∣∣∣∣∣ =
∣∣∣∣∣
∑
r∈R
λ(a(r + (ay + x)/2a)2 − (ay + x)2/4a)
∣∣∣∣∣
=
∣∣∣∣∣
∑
r∈R
λ(a(r + (ay + x)/2a)2)λ(−(ay + x)2/4a)
∣∣∣∣∣
=
∣∣∣∣∣
∑
r∈R
λ(a(r + (ay + x)/2a)2)
∣∣∣∣∣ ∣∣λ(−(ay + x)2/4a)∣∣
=
∣∣∣∣∣
∑
r∈R
λ(ar2)
∣∣∣∣∣ =
√
d.
Then Proposition 2.4 yields (3). At last, (4) is a corollary of (3) and we refer the reader to
[18, Corollary 4.6]. The proof is complete.
6 New bounds of Mutually unbiased maximally entangled bases in Cd ⊗ Ckd
To show the existence of MUMEBs in Cd⊗Cd for odd d, we need to specify the individual
R and λ. We use the same construction for R and λ in Liu et al. [17]. Specifically, let
d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass , qt = patt and R = Fq1 ⊕ · · · ⊕ Fqs . Note that d is odd, so
the character of R is not 2. Then clearly |R| = q1q2 . . . qs = d. Define
λ : R −→ C∗ (3.2)
(x1, . . . , xs) 7−→
s∏
t=1
ζ
TFqt /Fpt
(xt)
pt ,
where TFqt/Fpt is the trace map from Fqt to Fpt , i.e. TFqt/Fpt (xt) = xt+x
pt
t +x
pt
2
t + · · ·+xp
at−1
t
t
and ζpt = e
2pii
pt . From the proof of [17, Theorem 3.3], we know that λ is a generic character
of R. By restricting d = pa to be a prime power, Xu [18] proved that the critical assumption
(3.1) holds.
However, the following properties of Gauss sum [20] shows that (3.1) holds for any odd d.
Proposition 3.2. (See [20, pp. 10–11].) Let q = pa, c ∈ F×q and χ a multiplicative character
of Fq. Define
Ga(c, χ) =
∑
r∈Fq
ζ
TFq/Fp (cr)
p χ(r),
ga(c, k) =
∑
r∈Fq
ζ
TFq/Fp (cr
k)
p .
Then we have
(1) |Ga(c, χ)| = √q, if χ is nontrivial,
(2) ga(c, k) =
∑k−1
j=1 Ga(c, χ
j) where χ is a character of order k.
Proposition 3.3. Let d be an odd number. For the above R and λ, we have for any c ∈ R∗,∣∣∑
r∈R λ(cr
2)
∣∣ = √d. That is, the assumption (3.1) holds.
Proof. Suppose q is an odd prime power. Let χ be a character of order 2. Then by Proposition
3.2, we have for any c ∈ F∗q,
∣∣∣∣∣∣
∑
r∈Fq
ζ
TFq/Fp (cr
2)
p
∣∣∣∣∣∣ = |ga(c, 2)| = |Ga(c, χ)| =
√
q.
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Now let R = Fq1 ⊕ · · · ⊕ Fqs and c = (c1, . . . , cs) ∈ R∗ = F∗q1 ⊕ · · · ⊕ F∗qs . Then we have∣∣∣∣∣
∑
r∈R
λ(cr2)
∣∣∣∣∣ =
∣∣∣∣∣∣
∑
(r1,...,rs)∈Fq1⊕···⊕Fqs
λ((c1, . . . , cs)(r1, . . . , rs)
2)
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∑
(r1,...,rs)∈Fq1⊕···⊕Fqs
λ((c1r
2
1 , . . . , csr
2
s))
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∑
(r1,...,rs)∈Fq1⊕···⊕Fqs
s∏
t=1
ζ
TFqt /Fpt
(ctr
2
t )
pt
∣∣∣∣∣∣
=
∏
r1∈Fq1 ,...,rs∈Fqs
∣∣∣∣∣∣
∑
rt∈Fqt
ζ
TFqt /Fpt
(ctr
2
t )
pt
∣∣∣∣∣∣
=
∏
r1∈Fq1 ,...,rs∈Fqs
√
qt =
√
d.
Theorem 3.4. Let d be an odd number. Write d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass . Then
M(d, d) ≥ 2(pa11 − 1). That is, there exists a set of MUMEBs in Cd ⊗ Cd of size 2(pa11 − 1).
Proof. If d = pa11 . . . p
as
s is odd, let R and λ be in line with the previous constructions. Since
qt − 1 ≥ q1 − 1 for all t > 1, where qt = patt , we can fix an injection ιt : F∗q1 −→ F∗qt for each
t > 1. Define
S = { (u, ι2(u), . . . , ιs(u)) ∈ R∗ | u ∈ F∗q1 } .
Clearly, S is a subset of R∗ such that a− b ∈ R∗ for all a 6= b ∈ S. It follows from Lemma 3.1
(1) that {ΨU(a) | a ∈ S } is a set of MUMEBs and from Lemma 3.1 (2) that {ΨV (a) | a ∈ S }
is also a set of MUMEBs. Moreover, Proposition 3.3 tells us that the assumption (3.1) holds
for the choice of R and λ. It follows from Lemma 3.1 (4) that ΨU(a) and ΨV (a) are mutually
unbiased for any a ∈ R∗.
In summary, {ΨU(a) | a ∈ S } ∪ {ΨV (a) | a ∈ S } is a set of MUMEBs. In particular, the
size of this set is 2 | S |= 2(pa11 − 1).
Thus the proof is compete.
4 Construction of MUMEBs in Cd ⊗ Ckd for general k ≥ 2
Let d be odd and k ≥ 2, then we have the decomposition k = (p′1)a
′
1 . . . (p′l)
a′l with (p′1)
a′
1 ≤
· · · ≤ (p′l)a
′
l , where each p′t, t = 1, 2 . . . , l is distinct prime. In line with [18, Section 5], we
construct MUMEBs in Cd ⊗ Ckd. But unlike [18], we do not need to restrict d and k to be
prime powers. Therefore we obtain the MUMEBs in Cd ⊗ Ckd for general k and odd d.
For each t = 1, . . . , l, if p′t is odd, let q
′
t = (p
′
t)
a′t and for jt ∈ Fq′t , define
B
(t)
jt
=
(
1√
q′t
ζ
TF
q′t
/F
p′t
(jtm
2+mn)
p′t
)
(m,n)∈F2
q′t
;
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if p′t = 2, define
B
(t)
jt
=
(
1√
2a
′
t
ζ
(jt+2n)m
4
)
(m,n)∈T 2
a′t
∀jt ∈ Ta′t ,
where Ta′t is a set of 2a
′
t element in the Galois ring GR(4, a′t) (see [18] for detailed definitions).
By the properties of Gauss sums and Galois rings, and a similar argument as in the proof
of Proposition 3.3, one can check that B
(t)
jt
∈ Uq′t(C) and the absolute value of each entry in
B
(t)†
jt
B
(t)
it
equals to 1/
√
q′t for any two distinct jt, it ∈ Fq′t .
Fix an injection νt : Fq′
1
−→ Fq′t for each t > 1 and define
Bj = B
(1)
j ⊗B(2)ν2(j) ⊗ . . .⊗B
(l)
νl(j)
∈ Uk(C), j = 1, . . . , q′1 (4.1)
We also write B0 = I. By the property of matrix tensor product, then (A ⊗ B)(C ⊗ D) =
AC ⊗BD, one has Bj ∈ Uk(C) and the absolute value of each entry in B†jBi equals to 1/
√
k
for any two distinct j, i ∈ { 0, 1, . . . , q′1 }.
Theorem 4.1. Let d be an odd number. Write d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass . Suppose
k ≥ 2 and write k = (p′1)a
′
1 . . . (p′l)
a′l with (p′1)
a′
1 ≤ · · · ≤ (p′l)a
′
l . Then
M(d, kd) ≥ min{(p′1)a
′
1 + 1,M(d, d)} ≥ min{(p′1)a
′
1 + 1, 2(pa11 − 1)}.
Proof. Let d be an odd number. Without loss of generality, suppose that (p′1)
a′
1+1 ≤M(d, d),
since otherwise we can prove the result similarly. Let n = (p′1)
a′
1 = q′1 and {Bj|j = 0, 1, . . . , n}
be defined as before. Since n+1 ≤M(d, d), by Theorem 3.4 there exist U0, U1, . . . , Un distinct
matrices in Ud(C) such that ΨU0 ,ΨU1 , . . . ,ΨUn are MUMEBs. For any 0 ≤ t ≤ n, Ct = Bt⊗Ut
is a unitary matrix. The following prove that these MEBs {ΨCi}ni=1 are mutually unbiased
i.e., for any 0 ≤ t < t′ ≤ n, the matrix C†tCt′ satisfies (2.1). Let ξ, η ∈ Fd , 0 ≤ t < t′ ≤ n
and B†tBt′ = (bi,j), U
†
t Ut′ = (ui,j). Then∣∣∣∣∣
∑
r∈R
λ(rξ)(C†t Ct′)(r,i),(r+η,j)
∣∣∣∣∣ =
∣∣∣∣∣
∑
r∈R
λ(rξ)bi,jur,r+η
∣∣∣∣∣
=
∣∣∣∣∣bi,j
∑
r∈R
λ(rξ)ur,r+η
∣∣∣∣∣
= |bi,j |
∣∣∣∣∣
∑
r∈R
λ(rξ)ur,r+η
∣∣∣∣∣
=
1√
k
,
The last equality follows from bi,j = 1/
√
k and (2.1).
The proof is complete.
5 Construction of MUMEBs in Cd ⊗ Ckd with k being a square number
In the previous sections, we obtain a bound for M(d, kd) for general k. Now we consider it
for some special k. It turns out that if k is a square number, the bound for M(d, kd) can be
improved.
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Since the problem to determine N(d) is similar to the combinatorial problem to determine
the maximal size NMOLS(d) of all sets of mutually orthogonal Latin squares (MOLSs) of size
d× d [19], many people studied the problem from the point of view of Latin square, such as
Klappenecker [11], Musto [21], Rao [22] and so on. Wocjan et al. [12] gave the construction
of MUBs in square dimensional case by using orthogonal Latin squares. They gave more
mutually orthogonal bases in many non-prime-power dimensions by using some kind of net
as a bridge.
In this section, we generalize this idea to bipartite system Cd ⊗ Ckd and obtain more
MUMEBs in Cd ⊗ Ckd in some cases.
Suppose that k is a square number, like k = x2. We begin with some necessary definitions
(c.f. [12]).
Definition 5.1. Let m := (m[1], . . . ,m[k])T be a column vector of size k. If its entries take
only the values 0 and 1, i.e., m ∈ {0, 1}k, the vector m is called an incidence vector.
Notes that the Hamming weight ofm is the number of 1’s. Denote the support of incidence
vector m as supp(m). Then supp(m) = {j1, . . . , jx}, where ji’s are all indices such that the
corresponding entries m[j1], . . . ,m[jx] of m are all 1 (the Hamming weight of m is x).
Definition 5.2 ((n, x)-net). Let {m11, . . . ,m1x,m21, . . . ,m2x, . . . ,mn1, . . . ,mnx} be a col-
lection of incidence vectors of size k = x2 that are partitioned into n blocks and each block
contains x incidence vectors. Let mbi denote the incidence vectors, where b ∈ {1, . . . , n}
identifies the block and i ∈ {1, . . . , x} the vector within a block. We say that the incidence
vectors form a (n, x)-net when the following conditions holds:
(1) The supports of all vectors are disjoint in the same block, i.e.,
mTbimbj = 0
for all b ∈ {1, . . . , n}, 1 ≤ i 6= j ≤ x.
(2) The intersection of any incidence vectors from two different blocks contains exactly one
element ,i.e.,
mTbimb′j = 1
for all 1 ≤ b 6= b′ ≤ n, 1 ≤ i, j ≤ x.
Definition 5.3. Let m ∈ {0, 1}k be an incidence vector of Hamming weight x and h ∈ Cx
be an arbitrary column vector. Then h ↑ m denotes the embedding of h into Ck controlled by
m, to be the following vector in Ck
h ↑ m :=
x∑
i=1
h[i] |ji〉 ,
where h[i] is the ith entry of the vector h, {j1, . . . , jx} is the support of m with the ordering
j1 < j2 < · · · < jx and |ji〉 is the jith standard basis vector of Ck.
We also need the following lemmas.
Lemma 5.4 (See [12]). Let {m11, . . . ,m1x,m21, . . . ,m2x, . . . ,mn1, . . . ,mnx} be a (n, x)−net
and H an arbitrary generalized Hadamard matrix of size x (all its entries have modulus one
and HH∗ = xIx ). Then the n sets for b = 1, . . . , n
Lb := { 1√
x
(hl ↑ mbi) | l = 1, . . . , x, i = 1, . . . , x}
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are n MUBs for the Hilbert space Ck.
Lemma 5.5 (See [12]). The existence of w MOLS is equivalent to the existence of a (n, x)-net
with n = w + 2.
By lemma 5.4 and Lemma 5.5 we know that there exist NMOLS(x) + 2 MUBs for the
Hilbert space Ck. On the other hand, there are many results on the value of NMOLS(x). A
table of NMOLS(x) for x < 10000 is presented in [23], and for x large enough, there is a bound
NMOLS(
√
k) + 2 ≥ k1/29.6 by [12].
In the following theorem, we show how to use mutually orthogonal Latin square to con-
struct more MUBs in bipartite system.
Theorem 5.6. Let d be an odd number. Write d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass . Suppose
k = x2 is a square number. Then
M(d, kd) ≥ min{NMOLS(
√
k) + 2,M(d, d)}, (5.1)
where NMOLS(
√
k) + 2 ≥ k1/29.6 for all
√
k but finitely many exceptions.
Proof. Using the same discussion as in the proof of Theorem 4.1 and replacing B0, . . . , Bq′
1
by L1, L2, . . . , LNMOLS(x)+2, we obtain the bound (5.1). For the lower bound on NMOLS, we
refer to [12].
Now, we compare the bounds obtained by Latin square method with reducing prime power
method, we obtain many interesting results. In some cases, we find by Latin square, we can
reach greater bounds than reducing into prime power problem.
Remark 5.7. In the following cases, Theorem 4.1 is better than Theorem 5.6:
(1) Obviously, k is not square, but is an odd number or a prime power.
(2) k = p2e, where p is an arbitrary prime and e ≥ 1. Theorem 5.6 gives M(d, kd) ≥
min{pe + 1,M(d, d)}, but Theorem 4.1 gives M(d, kd) ≥ min{p2e + 1,M(d, d)}.
(3) x = 76, then N(k = x2) ≥ 24 + 1 = 17 and NMOLS(
√
k = 76) ≥ 6 by [12]. Theorem 5.6
gives M(d, kd) ≥ min{8,M(d, d)}, but Theorem 4.1 gives M(d, kd) ≥ min{17,M(d, d)}.
However, in some cases, Theorem 5.6 is better than Theorem 4.1:
(1) k ≥ 2 is square number, i.e., k = (p′1)2e1 . . . (p′l)2el = x2 with (p′1)2e1 ≤ · · · ≤ (p′l)2el .
(a) x ≡ 2 (mod 4). Then the minimal prime power dividing x is 2. Thus Theorem 4.1
givesM(d, kd) ≥ min{5,M(d, d)}. By Beth’s result [24] we know thatNMOLS(x) ≥ 6
for x ≥ 76. Therefore, Theorem 5.6 gives M(d, kd) ≥ min{8,M(d, d)} for k = x2,
x ≥ 76.
(b) k = 262 = 22 × 132. We have (p′1)a
′
1 + 1 = 5 and NMOLS(
√
k = 26) + 2 ≥ 6 where
NMOLS(26) ≥ 4 (c.f. [12]). It follows from Theorem 4.1 that
M(d, kd) ≥ min{5,M(d, d)} , and by Theorem 5.6, thenM(d, kd) ≥ min{6,M(d, d)}.
Hence Theorem 5.6 is better.
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(c) l ≥ 35. Then we have NMOLS(
√
k) + 2 ≥ k 129.6 ≥ (p′1)2el + 1 = (p′1)a
′
1 + 1. Actually,
since for k large enough,
NMOLS(
√
k) + 2 ≥ k 129.6 = [(p′1)2e1 . . . (p′l)2el ]
1
29.6 ≥ [(p′1)2e1 ]
l
29.6 ,
it suffice to show that [(p′1)
2e1 ]
l
29.6 ≥ (p′1)2e1 + 1. This is the case when l ≥ 35 ≥
29.6 log(p′
1
)2e1 ((p
′
1)
2e1 + 1), according to log(p′
1
)2e1 ((p
′
1)
2e1 + 1) ≤ log4 5.
(2) k is not square, but k = 262pa11 . . . p
an
n where pi ≥ 3. For instance, k = 262 × 5.
In the previous remark, we exhibit some examples to compare the two lower bounds given
by Theorems 4.1 and 5.6. In all cases, these two theorems together give the combined lower
bound:
Corollary 5.8. Let d be an odd number. Write d = pa11 . . . p
as
s with p
a1
1 ≤ · · · ≤ pass . Suppose
that k = (p′1)
2e1 . . . (p′l)
2el is a square number with (p′1)
2e1 ≤ · · · ≤ (p′l)2el . Then
M(d, kd) ≥ min{max{NMOLS(
√
k) + 2, (p′1)
a′
1 + 1},M(d, d)}.
Remark 5.9. If d = 2m, our bounds ofM(d, kd) still hold. The proof is same as the argument
except that we shall use the 2(2m − 1) MUMEBs constructed in [18].
6 Conclusion
In this paper, we study the constructions of MUMEBs in bipartite system Cd⊗Ckd for general
k and odd d. First, by using properties of Gauss sums, we construct 2(pa − 1) MUMEBs in
Cd ⊗Cd for arbitrary odd d. It improves the known lower bound pa − 1 for odd d and it also
generalizes the lower bound 2(pa − 1) for d being a single prime power. Then, we construct
MUMEBs in Cd⊗Ckd for general k ≥ 2 and odd d. We get the similar lower bounds as k, b are
both single prime powers. At last, when k is a square number, by using mutually orthogonal
Latin squares, we can construct more MUMEBs in Cd⊗Ckd, and obtain greater lower bounds
than reducing the problem into prime power dimension in some cases. Certainly, the above
bounds ofM(d, kd) still hold for d = 2m. In the future work, we will consider the construction
problem of MUMEBs in bipartite system Cd ⊗ Ckd for general d.
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